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Abstract—This paper presents a SPICE model for memristive
devices. It builds on existing models and is correlated against
several published device characterization data with an average
error of 6.04%. When compared to existing alternatives, the
proposed model can more accurately simulate a wide range
of published memristors. The model is also tested in large
circuits with up to 256 memristors, and was less likely to cause
convergence errors when compared to other models. We show
that the model can be used to study the impact of memristive
device variation within a circuit. We examine the impact of
nonuniformity in device state variable dynamics and conductivity
on individual memristors as well as a four memristor read/write
circuit. These studies show that the model can be used to
predict how variation in a memristor wafer may impact circuit
performance.

Index Terms—Device, memristor, model, SPICE, variation.

I. Introduction

THE MEMRISTOR was first theorized by Chua and O [1]
in 1971, but was not physically realized until 2008 [2],

[3]. Several groups have fabricated memristive devices using a
variety of materials [4]–[9]. The properties of these memristive
devices differ slightly from Dr. Chua’s theorized memristor
definition, although the term memristor has been extended to
describe the memristive devices in this paper.

The wide variety in memristor structure and composition
has led to the development of many different memristor mod-
eling techniques. Several compact models have been proposed
that present modeling equations that approximate the func-
tionality of published memristor devices [2], [5], [10]–[13].
Furthermore, a number of subcircuits have been proposed that
provide the capability of modeling memristors in SPICE simu-
lations [14]–[24]. Many of these models [10], [14], [16]–[19],
are based on the memristor equations first proposed in [2].
While these model results are similar to physical device
behaviors reported in the literature for sinusoidal inputs, they
are quite off for inputs that produce intermediate resistance
states (such as repetitive DC sweeps or pulsed inputs). The
behavior of three of these memristor models [2], [10], [14]
for repetitive inputs is simulated in [25].
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Given that the dynamics of a memristor closely model
those of a synapse [4], [7], memristors are considered ideal
for spiking input based neuromorphic systems. Thus, the
simulation of memristors for spiking inputs is essential to
the design of memristor-based neuromorphic systems. Since
repetitive sweeping inputs are more closely related in shape to
neuromorphic spiking inputs, more precise SPICE models are
needed especially for neuromorphic system simulations. Some
alternative modeling techniques [5], [11], [12], [15], [20], [21],
[23] have been proposed to address the discrepancies between
existing models and published characterization data.

The models in [12] and [21] match the I–V characteris-
tic for a sinusoidal voltage input to a specific device very
closely. Unfortunately, they have not been tested with repeti-
tive sweeping inputs to provide results related to the different
resistance levels within a device. The hyperbolic sine models
[5], [11], [15], [20] show a significant improvement in the
shape of the modeled I–V characteristic for sweeping inputs,
but these models have not been directly correlated to specific
characterization data.

This paper presents a SPICE model based on a set of
equations that was previously proposed in [13]. To the best
of our knowledge, this is, the first memristor SPICE model
that has been quantitatively correlated to multiple devices for
both sinusoidal and repetitive sweeping inputs. The model
was correlated to reported current–voltage data of memristor
devices published by HP Labs [6] (TaOx), the University of
Michigan [7] (a-Si and Ag), Boise State University [4] (Ag
chalcogenide), and Iowa State University [8], [9] (TiO2). The
SPICE model was also matched to resistive random access
memory (RRAM) characterizations [28]. RRAM is a type of
nonvolatile memory that can be classified as a memristive
device, and it also has a dynamic resistance component [28],
[29]. Additionally, a simulation was completed to accurately
reproduce the experimental pulse switching results of the 40
nm a-Si RRAM device in [28]. An accurate representation
of memristive I–V characteristics provides the potential for
more accurate power and energy calculations in memristor-
based systems. Studies have been performed that show this
SPICE model can be used in circuits containing up to 256
memristors, and when compared with other models, this model
is less likely to have convergence problems.

Following the description and verification of the memristor
model, device variation studies were completed. Since mem-
ristors are fabricated with a significant amount of variation,
problems may occur when developing large memristor arrays,
or when using memristors for multibit operation [4], [7],
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Fig. 1. Simulated I–V characteristic using the memristor model in [10],
where the plots show the voltage and current waveforms, and the correspond-
ing I–V characteristic.

Fig. 2. Simulated result using the memristor model in [14], where the plots
show the voltage and current waveforms and the corresponding I–V curve.

[30]. Previous work has been completed that uses memristor
modeling techniques to study device variation [31]-[38]. Many
of these studies have been completed based on the memristor
model first proposed by HP Labs [2]. We believe this paper
presents the first device variation analysis based on a mem-
ristor model correlated to actual device fabrication data. The
memristor model was also used in a neuromorphic read/write
circuit design proposed in [30] to determine how much wafer
variation could be tolerated before incorrect reading of data
occurs. In addition to memristor thickness, variation in state
variable dynamics is also studied.

This paper is organized as follows. Section II provides a
review of existing SPICE models; Section III describes the
memristor model and equations, and Section I–V displays the
memristor and RRAM device simulation results. In Section V,
a study is performed that shows how much variation in
each fitting parameter can be tolerated before the I–V curve
significantly changes shape. Section VI describes a memristor-
based read/write circuit and shows how much variation can
be tolerated in a memristor array before read errors occur.
Section VII concludes the paper.

II. Memristor SPICE Model Review

This section provides a review of the different types of
memristor SPICE models that have been proposed since the
publication of the first physical memristor devices [2]. Each
of the existing SPICE models [14]–[24] uses a state variable
equation to determine the dynamic resistance of the memristor
model. The value of the state variable represents the change
in the physical properties of the memristor that is inversely
proportional to the dynamic resistance. Additionally, different
I–V relationships are proposed that are dependent on the value
of the state variable equation.

Many of the previously published SPICE models [14], [16]–
[19] are based on the memristor equations proposed by HP
Labs [2]. The main differences are in how the state variable
equation was implemented, especially at the boundaries (the
points of minimum and maximum conductance).

SPICE implementations of two different models [10], [14]
based on the equations proposed in [2] can be seen in Figs. 1
and 2. Several discrepancies are present when comparing the
output of these models to published characterization data.

Fig. 3. Simulated I–V characteristic using the memristor model in [21],
where the plots show the memristor voltage and current waveforms, the input
voltage waveform, and the corresponding I–V characteristic.

Fig. 4. Simulated current and voltage waveforms and I–V characteristic
using the memristor model in [20].

When consecutive zero-to-positive DC sweeps are applied,
the devices in [4], [7] show that the size of the hysteresis loops
decreases as the conductivity of the device increases. Models
based on equations in [2] show the opposite effect, with a very
large loop near maximum conductivity (Figs. 1 and 2).

Characterization data has been published [27], where the
motion of the state variable depends on both its value, and the
polarity of the applied current. Many of the previous models
show the motion of the state variable to be equivalent, whether
it is moving in the positive or negative direction.

Many published memristor devices display a threshold volt-
age, where hysteresis is not seen unless the voltage across the
memristor exceeds that threshold. The models based on the
equations in [2] do not provide this effect, as the change in
state is directly proportional to the charge applied with no
nonlinear dependence on voltage magnitude.

A more complex model was proposed in [21]. This model
appears to match the characterization data very well. Addi-
tionally, the model is supported by a very strong connection
to the physical mechanisms within the device. This model was
based on the assumption that the memristor acts as a metal-
insulator-metal (MIM) tunnel barrier [26]. It is assumed that
the insulating tunnel barrier is represented by the TiO2 layer,
and the TiO2-x layer acts as a low resistivity metallic layer. As
voltage is applied, the thickness of the tunnel barrier is said
to modulate due to the position of the oxygen deficiencies in
the device.

The simulation results for the SPICE model can be seen in
Fig. 3. The top left plot shows the voltage across the memristor
along with the current through the memristor. The voltage
signal from the input source can be seen in the bottom left plot.
The input voltage differs from the memristor voltage because
probe resistance was taken into consideration in the SPICE
simulation as a series resistor. The I–V curve closely matches
the experimental characterization displayed in [21].

The hyperbolic sine shape has been proposed for several
memristor models [5], [11], [13], [15], [20], [23]. This is be-
cause the hyperbolic sine function can be used to approximate
the I–V relationship of an MIM junction. Using a hyperbolic
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sine function in the I–V relationship appears to provide a
significantly better result when using a repetitive sweeping
input compared to the results in Figs. 1 and 2.

The simulation result for the hyperbolic sine model in Fig. 4
shows an improvement in the shape of the I–V curve. This
model also considered an ionic drift component that caused an
unwanted decay in the resistance of the device. This provided
an explanation for the overlap in hysteresis that was only
present when the applied voltage was in the positive regime.

Several SPICE models have been proposed, but until now,
no single SPICE model has yet been correlated to multiple
different memristor characterizations from different sources.
Additionally, the SPICE model presented in this paper has
been correlated to characterization data for both cyclic and
repetitive DC sweeping voltage inputs. Therefore, the model
proposed in this paper has both a higher degree of accuracy
and generality when compared to previous models.

III. Memristor SPICE Model

A. Memristor Model Equations

The proposed model is matched to memristor current–
voltage data based on three different characteristics observed
in memristors: a metal-insulator-metal junction in (1), a volt-
age threshold for state variable motion in (2), and a nonlinear
velocity function for oxygen vacancy or dopant drift in (3)
and (4).

The generalized I–V relationship for the proposed mem-
ristor SPICE model can be seen in (1), and was previously
proposed in [11]. This equation is based on a hyperbolic
sinusoid to account for the metal insulator metal junction
observed in memristor operation. The hyperbolic sine shape
causes the device to have an increase in conductivity beyond
a certain voltage threshold. The parameters a1, a2, and b
are used to fit (1) to the different device structures of the
memristors studied in this paper. Based on existing memristor
characterization data, the devices appear to be more conductive
in the positive region. To account for this, a different amplitude
parameter is required depending on the polarity of the input
voltage. The fitting parameter b was used to control the
intensity of the threshold function relating conductivity to
input voltage magnitude.

The I–V relationship also depends on the state variable x(t),
which provides the change in resistance based on the dynamics
in each device. In this model, the state variable is a value
between 0 and 1 that directly impacts conductivity.

I(t) =

{
a1x(t) sinh(bV (t)), V (t) ≥ 0
a2x(t) sinh(bV (t)), V (t) < 0

(1)

The change in the state variable is based on two different
functions, namely, g(V(t)) and f(x(t)). The function g(V(t)) in
(2) is responsible for implementing the threshold voltage that
must be surpassed to induce a change in the value of the
state variable. This was done because each of the published
memristor devices [4]–[9] show that there is no state change
unless a certain voltage threshold is exceeded. These state
changes represent either the motion of low mobility ions or
dopants [5]–[9], or the state change in a chalcogenide device
[4]. As opposed to the hyperbolic sinusoid programming

threshold implemented in [11], the method in (2) provides
the possibility of having different thresholds based on the
polarity of the input voltage. This is required to provide a
better fit to the characterization data, since several memristors
show different threshold values depending on whether the
input voltage is positive or negative. The exponential value
subtracted in (2) is a constant term during simulations and
ensures that the value of the function g(V(t)) starts at 0 once
voltage threshold is surpassed.

In addition to the positive and negative thresholds (Vp and
Vn), the magnitude of the exponentials (Ap and An) can be
adjusted. The magnitude of the exponential represents how
quickly the state changes once the threshold is surpassed. In
Section IV, the simulation result for the chalcogenide device
[4] displays a very fast change in resistance once the threshold
is surpassed. This is modeled using a large value for the
magnitude coefficients. Alternatively, the device based on the
motion of silver dopants [7] requires a much lower magnitude
coefficient, as this appears to be a slower phenomenon.

g(V (t)) =

⎧⎨
⎩

Ap(eV (t) − eVp ), V (t) > Vp

−An(e−V (t) − eVn), V (t) < −Vn

0, −Vn ≤ V (t) ≤ Vp

(2)

The second function used to model the state variable f(x(t)),
can be seen in (3) and (4). This function models the nonlinear
ion motion, as it becomes harder to change the state of the de-
vices when the state variable approaches the boundaries. This
idea was theorized in [10],[14], and determined experimentally
in [27]. This is known as nonlinear dopant drift in the state
variable motion, and it is the third memristor effect accounted
for in this model.

Also, this function provides the possibility of modeling
the motion of the state variable differently depending on the
polarity of the input voltage. This is a necessary addition as it
has been experimentally verified that the state variable motion
is not equivalent in both directions [27]. The memristor device
model published in [21] also uses a switching state variable,
where the motion varies depending on the polarity of the
current through the device. One possible explanation for this
may be that it is more difficult to put ions back in their original
position after they have been previously moved.

When ηV(t)>0, the state variable motion is described by
(3), otherwise the motion is described by (4). The term η was
introduced to represent the direction of the motion of the state
variable relative to the voltage polarity. When η = 1, a positive
voltage above the threshold will increase the value of the state
variable, and when η = − 1, a positive voltage results in a
decrease in state variable (as in [10]).

The function f(x(t)) is used to divide the state variable
motion into two different regions depending on the existing
state of the device. The state variable motion is constant up
until the point xp or xn. At this point the motion of the state
variable is limited by an exponential function decaying with
a rate of either αp or αn. The parameters (xp, xn, αp, and αn)
are required so that this model is able to match the dynamics
of several types of devices. These differences may be due to
the fact that the motion of the state change in a chalcogenide
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Fig. 5. Memristive device subcircuit for use in LTSpice.

device is very different than the motion of ions or dopants.

f (x) =

{
e−αp(x−xp)wp(x, xp), x ≥ xp

1, x < xp
(3)

f (x) =

{
eαn(x+xn−1)wn(x, xn), x ≤ 1 − xn

1, x > 1 − xn
(4)

In (5), wp(x,xp) is a windowing function that ensures f(x)
equals zero when x(t) = 1. In (6), wn(x,xn) keeps x(t) from
becoming less than 0 when the current flow is reversed.

wp(x, xp) =
xp − x

1 − xp

+ 1 (5)

wn(x, xn) =
x

1 − xn

(6)

Equation (7) is used to model state variable motion in each
of the memristor devices. Since the modeled state variable
must match devices with many different physical structures,
this equation is very different than the equation in [2] that was

Fig. 6. (a) and (b) Diagrams that describe the functionality of the SPICE
model, where the circuit in (a) determines the I–V relationship of the
memristor model and (b) shows how the value of the state variable is
determined.

used to model only TiO2 devices. The term η is also used in
(7) to determine the direction of the state variable motion.

dx

dt
= ηg(V (t))f (x(t)) (7)

B. Summary of Device Model and Relation to Physical Mech-
anisms

The device model described above is based on three main
characteristics, namely, electron tunneling, nonlinear drift,
and a voltage threshold. The I–V relationship in (1) uses
a hyperbolic sine function to approximate the effect of a
tunnel barrier. Equation (2) induces a threshold so that the
resistance of the device is not changed unless the threshold
voltage is surpassed. Lastly, the function f (x(t)) in (3) and
(4) is used to provide nonlinear drift, where state variable
motion is slowed near the maximum and minimum resistance
boundaries. Table I shows how each of the parameters in these
equations has a relation to the physical properties that govern
the resistance switching mechanism.

C. SPICE Model and Equivalent Circuit for the Memristor

The SPICE code, seen in Fig. 5, was written for use in
LTSpice [39], and was used to generate the result seen in Fig.
7. The parameter sets for modeling different devices can be
seen in the description of each corresponding figure.

The SPICE model was developed according to the layout
in Fig. 6. The current source Gm in Fig 6(a) holds the I–V
relationship for the device, which was presented in (1). The
terminals TE and BE represent the top and bottom electrodes
of the memristor, where the model would be connected in a
circuit schematic.

Fig. 6(b) shows how the value of the state variable is
determined using another current source and a capacitor.
The current source Gx produces a current determined by the
multiplication of the functions g(V(t)) and f(x(t)). The capacitor
Cx is used to integrate the current generated by Gx to produce
the value of the state variable. This technique is similar to
those proposed in several memristor SPICE models [14], [19],
[21]. The port XSV was created to provide a convenient
method for plotting the internal state variable.

D. SPICE Model Convergence

To study the convergence of this SPICE model, a 4×4
crossbar (16 memristors) with wire resistance and access
transistors bordering the rows and columns was utilized. A
write iteration is performed across an entire row in parallel.
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Fig. 7. Simulation results when modeling the device in [4] for a sinusoidal
input. The plots show (a) the current and voltage waveforms, and (b) the I–V
curve. The plot in (b) also shows the I–V curve for a high frequency input,
where the device behaves as a linear resistor. In this simulation: Vp = 0.16V ,
Vn = 0.15V , Ap = 4000, An = 4000, xp = 0.3, xn = 0.5, αp = 1, αn = 5, a1 = 0.17,
a2 = 0.17, b = 0.05, x0 = 0.11, η = 1. Dots in (b) show target data points.

Fig. 8. (a) Current and voltage wave forms and (b) I-V plot matching the
characterization data in [4]. Dots in (b) show the points from [4]. In this
simulation: Vp = 0.16V, Vn = 0.15V, Ap = 4000, An = 4000, xp = 0.3, xn = 0.5,
αp = 1, αn = 5, a1 = 0.097, a2 = 0.097, b = 0.05, x0 = 0.001, η = 1.

A single read iteration is considered to be a sequential read
of each row in the crossbar to ensure the correct data is
present after each write. The simulations used 10-ns write and
erase pulses along with 0.3-ns read pulses to test high-speed
switching in the model. In this case, the model was matched
to the 10-ns switching device in [40].

The model performed very consistently without error for a
number of simulations for at least 400 read/write iterations
(1600 writes and 6400 reads). An 8×8 crossbar (64 memris-
tors) produced a similar result, where a convergence error was
rarely obtained within 400 read/write iterations (3200 writes
and 25600 reads). In a 16×16 crossbar (256 memristors)

TABLE I

Description of Model Parameters

Parameter Relation to Physical Behaviors
a1 and a2 These parameters closely relate to the thickness of the

dielectric layer in a memristor device, as more electrons
can tunnel through a thinner barrier leading to an increase
in conductivity.

b This parameter determines how much curvature is seen in
the I-V curve relative to the applied voltage. This relates
to how much of the conduction in the device is Ohmic and
how much is due to the tunnel barrier.

Ap and An These parameters control the speed of ion (or filament)
motion. This could be related to the dielectric material used
since oxygen vacancies have a different mobility depending
which metal-oxide they are contained in.

Vp and Vn These parameters represent the threshold voltages. These
may be related to the number of oxygen vacancies in
a device in its initial state. A device with more oxygen
vacancies should have a larger current draw that may lead
to a lower switching threshold if switching is assumed to
be based on the total charge applied.

αp,αn, xp and xn These parameters determine where state variable motion is
no longer linear, and they determine the degree to which
state variable motion is dampened. This could be related to
the electrode metal used on either side of the dielectric film
since the metals chosen may react to the oxygen vacancies
differently.

TABLE II

Time Before Convergence Error of Different SPICE Models for

a Nanosecond Switching 4×4 Crossbar

Measurement
Memristor Models Included in the Study

Biolek Joglekar
Laiho [11]

Chang Proposed
[14] [10] [20] Model

Time Before 0.517 0.517 15 0.135 15
Error (μS) (Finished) (Finished)
Accuracy Low Low Medium Medium High
Generality High High Medium Medium High

convergence errors started to become more common, although
many simulations were performed, where 200 read/write iter-
ations (3200 writes and 51200 reads) were completed without
error.

A number of other SPICE models [10], [11], [14], [20] were
used to simulate the 4×4 crossbar setup to compare them in
terms of convergence rate (Table II). In cases, where they
previously did not exist, SPICE subcircuits were made for
these models that could be used in LTSpice. Some models
[10], [14], [20] suffered from convergence errors, especially
when several devices in the crossbar were switched to their
minimum resistance state. This could be due to the fact that the
model parameters had to be changed significantly to achieve
nanosecond switching, and these models were not designed
for this. The model in [11] (where the Biolek window [14]
was added to define boundaries) was able to successfully
complete the simulation of the 4×4 crossbar, although the
model presented in this paper correlates to actual device
data much more closely. The models [10], [14] can be used
to model many devices, but they have a low correlation to
physical characterization data. The models [11], [20] show
a stronger correlation to physical devices, but they have not
been matched quantitatively. The proposed model has been
quantitatively matched to several different memristors.

IV. I-V Simulation Results

A. Memristor Results

To display the functionality of the SPICE model described
in the previous section, each of the published memristor
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devices [4], [6]–[8], [28] was modeled in an I-V simulation.
Fig. 7 displays the first simulation result, where the device in
[4] was modeled with a sinusoidal input both at 100 Hz and
100 kHz. The hysteresis in the model diminished when the
frequency was increased to 100 kHz just as it did in [4]. The
simulated I-V characteristic was matched to the 100 Hz data
provided in [4] using selected data points (dots in Fig. 7(b))
with an average error of 84.8 μA (6.64%). The percent error
was determined by using the sum of the error divided by the
absolute sum of the currents from the device characterizations
at each of the tested points.

Fig. 8 shows the result when matching the model to the
repetitive DC sweeping input also provided in [4]. The model
was able match the characterization data with an average
error of 32.7 µA (6.66%). The characterization data provided
for this simulation was only available when positive voltage
sweeps were applied. It was assumed that the parameters for
the negative regime would closely match the parameters used
in the sinusoidal simulation in Fig. 7. The one exception was
that the negative conductivity parameter a2 was set to the value
decided for a1 in the repetitive sweeping simulation.

When comparing the parameters used to model the device
characterized in [4], it can be seen that very few adjustments
were necessary when switching between the two modes of
operation. Out of the total 12 parameters, nine of them re-
mained the same between the simulations in Figs. 7 and 8. The
three parameters that were changed include the conductivity
parameters a1 and a2, and the initial position of the state
variable x0. Each of these parameters is highly related to the
device thickness. These differences could have been caused
by nonuniformities in the wafer if the characterizations in [4]
were conducted on different devices.

Fig. 9 displays the simulation results of a device developed
by HP Labs. The simulation in Fig. 9 was based on the
characterization data provided in [6], where a cyclic voltage
sweep was applied to a TaOx memristor device. The average
error in this case was determined to be 81.1 µA (4.60%).

The simulation in Fig. 10 was based on the device charac-
terized in [7]. This device characterization required about 20
s to complete. The simulation matches each target data point
with an average error of 20.0 nA (6.21%).

The plots in Fig. 11 correspond to the memristor developed
in [8], [9]. The simulated I-V characteristic was matched
to target data points with an average error of 5.97%. The
input voltage waveform was replicated based on the data
provided in [9]. The I-V characteristic in [8], [9] shows three
sequential cyclic voltage sweeps. Fig. 11 shows the results
when modeling target data from the third sweep, since the
decay in the first two sweeps is most likely due to initial
forming and would not be present over a large number of
cycles. Contrary to the previous simulations, this device was
characterized so that the device conductivity decreases as
positive voltage is applied. To accommodate for this, the
variable η was set to −1.

B. RRAM I–V Characteristic

The following simulations show how this device model is
also able to simulate the effects of RRAMs, a more general
class of memristive devices. A simulation was completed that

Fig. 9. (a) Current and voltage wave forms and (b) I-V plot when modeling
the device in [6] for a cyclical DC sweep (dots in (b) show target data
points). Vp = 0.5V, Vn = 0.75V, Ap = 7.5, An = 2, xp = 0.3, xn = 0.5, αp = 1,
αn = 5, a1 = 0.11, a2 = 0.11, b = 0.5, x0 = 0.11, η = 1.

Fig. 10. (a) Current and voltage wave forms and (b) I-V plot obtained for
matching characterization in [7]. Dots show the points from [7]. In this
simulation: Vp = 1.5 V, Vn = 0.5 V, Ap = 0.005, An = 0.08, xp = 0.2,
xn = 0.5, αp = 1.2, αn = 3, a1 = 3.7(10−7), a2 = 4.35(10−7), b = 0.7,
x0 = 0.1, η = 1.

matches the SPICE model to the characterization data for the
device in [28] with a 40-nm thick a-Si layer. The simulation
results in Fig. 12 show, where the model is matched to the
target points in the characterization with an average error of
206 μA (6.15%). The characterization data in [28] shows that
the current in the I-V curve for the 40-nm a-Si device was
limited to 10 mA. This was not done in the simulation since
this limiting effect is most likely due to the system used to
characterize the device, and is not a property of the device
itself. The frequency of the voltage input in this simulation was
assumed to be 100 MHz based on the characterization results
[28] that show the device switching using 5 and 10 ns pulses.
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Fig. 11. Results obtained for matching the characterization in [8], [9]. Plots
show (a) the voltage and current waveforms and (b) the I-V curve. Dots in
(b) show the target date points. In this simulation: Vp = 0.65V, Vn = 0.56V,
Ap = 16, An = 11, xp = 0.3, xn = 0.5, αp = 1.1, αn = 6.2, a1 = 1.4, a2
= 1.4, b = 0.05, x0 = 0.99, η = –1.

Fig. 12. Results obtained when matching the RRAM characterization in
[28]. The plots display (a) the voltage and current waveforms and (b) the I-V
curve. Dots in (b) show target points from the data in [28]. In this simulation:
Vp = 2.86V, Vn = 3.56V, Ap = 5.5(108), An = 4(108), xp = 0.9, xn =
0.9, αp = 20, αn = 20, a1 = 0.165, a2 = 0.165, b = 0.05, x0 = 0.01, η
= 1.

The state variable parameters for this device can be de-
scribed intuitively. The voltage thresholds (Vp and Vn) are set
at points, where device leaves its zero conductivity state, and
the magnitudes of the exponential (Ap and An) were set very
high due to the fast switching. The limits of free state variable
motion (xp and xn) were set very close to the boundaries, and
the decay rates (αp and αn) were set high, as the state variable
appears to have a more linear motion in this device. In general,
this device appears to have a much more symmetric operation
than the memristor devices in [4]–[9].

Fig. 13. Circuit used to perform the resistance switching simulation based
on the data in [28].

C. RRAM Switching Results

The device in [28] with the 40 nm thick a-Si layer was
characterized using pulses to switch the device on and off.
This result was simulated to further validate the SPICE model.
The simulation was completed by placing the RRAM model
in series with a 90 � resistor and applying a voltage waveform
similar to the one in the published characterization [28]
(Fig. 13). It was stated in [28] that a pulse width of 5 ns
was used to switch the device on, and a 10 ns pulse was
used to switch the device off. Also, the peak voltages of
the write pulses were 6.5 and −6.5 V. The voltage input in
the simulation alternated the positive and negative write and
erase pulses every 100 µs. Wherever a write pulse was not
applied, a 2 V bias with additive noise was used to read the
device (Fig. 14(a)). The other two plots in Fig. 14(a) show
the voltage drop across the 90� resistor and the change in
the state variable. The voltage across the resistor is seen as
the read voltage, and it changes due to the voltage division
between the resistor and the memristor. The read voltage can
be seen switching between 0 and about 0.8 V just as it did in
the device characterization [28]. The state variable plot shows
the device fully switching between 0 and 1, the minimum and
maximum values. This confirms that the 5 and 10 ns pulses
are capable of fully switching the device model.

Fig. 14(b) shows a zoomed in section of the simulation
across one of the write pulses. In the state variable plot, much
more detail can be seen in the switching of the device. Given
the Gaussian shape of this pulse (as in [28]), the voltage is
only above the programming threshold of the device for a short
amount of time. This could explain why a 5 ns pulse is needed
to switch the device when the actual switching effect occurs
in about 1 ns.

V. Memristor Parameter Variation

Given the nanoscale sizes of memristors, it is difficult to
fabricate a memristor wafer without some amount of variation
between the devices. Several studies have been presented
previously that describe an analysis of the variation in thick-
ness across an array of memristors [31]–[38]. This is then
related to the variation in resistance values attainable within
an array of memristors. However, more complex variation in
memristor wafer composition may have an impact on state
variable dynamics. For example, a reactive sputter technique
could produce a memristor wafer with a uniform thickness,
but with a large variation in the stoichiometric ratio of the
dielectric layer. Previous memristor wafer variation studies
based layer thickness alone would not be able to address this
issue. This section provides an alternate memristor study based
on a variation in the state variable dynamics, which is more
likely related to variations in composition such as the amount
of oxygen deficiencies present across the wafer.



1208 IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 32, NO. 8, AUGUST 2013

Fig. 14. Results obtained for modeling the read write characterization
published in [28]. The simulation results are plotted displaying (a) the
input voltage, the read voltage, and the state variable motion for the entire
simulation, and (b) the same data on a time scale relative to the width of a
write pulse.

Fig. 15. Model output with fitting parameters optimized for matching the
I-V characteristic in [4]. Vp = 0.16V, Vn = 0.15V, Ap = 4000, An = 4000,
xp = 0.3, xn = 0.5, αp = 1, αn = 5, a1 = 0.097, a2 = 0.097, b = 0.05,
x0 = 0.001, η = 1.

There are four different pairs of fitting parameters in the
model used in equations f (x(t)) and g(V (t)) that relate to the
switching within a device. The equation f (x(t)) in (3) and (4)
is used to shape the nonlinear motion due to the boundaries
within the device and contains parameters xp, xn, αp, and
αn. The equation g(V (t)) in (2) induces a threshold in the
memristor device, where the resistance state will not change
unless a certain voltage is surpassed. This equation contains
the parameters Vp, Vn, Ap, and An. The parameters Vp and
Vn represent the positive and negative threshold voltages that
must be surpassed to decrease or increase the resistance of
the device, respectively. The parameters Ap and An are am-
plification factors that determine the magnitude of resistance
change once the threshold voltage has been surpassed. The
parameters xp and xn represent the points, where state variable
motion is no longer linear and is reduced due to the effect of
the minimum and maximum resistance boundaries. Lastly, the
parameters αp and αn are used to control how rapid the decay
in state variable motion occurs as the resistance reaches the
boundary values.

Fig. 16. Plots displaying the six resistance states in the memristor as a func-
tion of the parameter Ap, and the modified memristor model output, where
Ap = An = 2000 and Ap = An = 8000. In this simulation: Vp = 0.16 V,
Vn = 0.15 V, xp = 0.3, xn = 0.5, αp = 1, αn = 5, a1 = 0.097, a2 = 0.097,
b = 0.05, x0 = 0.001, η = 1.

A. Process Variation and Change in Memristor Resistance
States

It is likely that variations in a memristor wafer will lead
to inconsistencies in how the devices operate. In this study,
each pair of parameters in (1)–(4) was varied to show the
changes in both the shape of the I-V curve, and the change in
position of six resistance states. This was completed by setting
the model to match the device in [4] developed at Boise State
University. The resistance states are defined as S1 through S6

in Fig. 15 on either side of each of the five hysteresis loops.
These resistance states are determined by the state variable (7),
which is meant to model either the motion of oxygen vacancies
or the formation of metallic filaments within the devices.

Fig. 16 displays the result obtained when varying the
parameters Ap and An. The top plot in Fig. 16 shows how
the position of the resistance states changes as the parameter
Ap is varied. The dot-dashed line denotes the original value of
Ap, and the dashed lines to the left and right correspond to the
values of Ap for the I-V curves in Fig. 16. As the values of
Ap and An increase, the initial hysteresis loop becomes larger
since more resistance change can now occur within a single
voltage sweep. Hysteresis shrinks as the point of maximum
conductivity is reached. As the values for Ap and An decrease
the opposite occurs, and less change is induced with each
repetitive DC sweep.

Fig. 17 displays a similar result, except the parameters Vp

and Vn are varied, which represent the voltage thresholds
required to induce a resistance state change. The plots in
Fig. 17 show a much more significant change in resistance
states and the shape of the I-V characteristic as Vp and Vn

are varied. Once the threshold voltage Vp became greater than
maximum input voltage, the memristor device behaved as a
linear resistor. The last two pairs of parameters (the pair αp

and αn and the pair xp and xn) are used to shape the function
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Fig. 17. Plots displaying the six resistance states in the memristor as a
function of Vp, and the modified model output, where Vp = 0.08 V and
Vn = 0.075V and Vp = 0.32V and Vn = 0.3V. In this simulation: Ap = 4000,
An = 4000, xp = 0.3, xn = 0.5, αp = 1, αn = 5, a1 = 0.097, a2 = 0.097,
b = 0.05, x0 = 0.001, η = 1.

Fig. 18. Plots displaying the six resistance states in the memristor as a
function of αp, and the modified model output from where αp = .333 and
αn = 1.667 and αp = 3 and αn = 15. In this simulation: Vp = 0.16V,
Vn = 0.15V, Ap = 4000, An = 4000, xp = 0.3, xn = 0.5, a1 = 0.097,
a2 = 0.097, b = 0.05, x0 = 0.001, and η = 1.

f (x(t)), and Figs. 18 and 19 display the effects of varying each
of these pairs of parameters. These two parameter variations
have less impact on the change in the resistance states when
compared to the parameter variations in Figs. 16 and 17.

When relating these results to variation in physical device
properties, it is most likely that a change in the parameters Ap

and An will be produced by the amount of oxygen vacancies
present in a device. When comparing the two I-V plots in
Fig. 16, it can be seen that the parameters Ap and An have

Fig. 19. Plots displaying the six resistance states in the memristor as a
function of xp, and the modified model output, where xp = 0.15 and xn = 0.25
and xp = 0.6 and xn = 0.999. In this simulation: Vp = 0.16V, Vn = 0.15V,
Ap = 4000, An = 4000, xp = 0.3, xn = 0.5, αp = 1, αn = 5, a1 = 0.097,
a2 = 0.097, b = 0.05, x0 = 0.001, and η = 1.

a stronger relation to device conductivity than any of the
other eight state variable parameters. The amount of oxygen
vacancies present would also provide a significant change in
resistance of the device. The parameters αp, αn, xp and xn

may subject to variation depending on the quality of the thin
film. If sections of a thin film become more polycrystalline
as opposed to amorphous, then this may shape the paths for
the oxygen deficiencies to form conductive filaments. Lastly,
the parameters Vp and Vn may also change depending on
the number of oxygen deficiencies present within a specific
device. If more oxygen vacancies are present, then the device
will draw a larger current and most likely have a lower
switching voltage. This is assuming that switching is based
on the amount of energy applied. In general, this study shows
how variation in the state variable parameters affects the
conductivity of memristor devices.

B. Modeling Variation Through Change in Model Parameters
The memristor model was used to determine how much

variation in a memristor array can be tolerated for each of the
different devices characterized in Section IV. This was done by
independently adjusting each of the parameters in the model
and observing the amount of change in the I-V curve.

The devices considered in this study were characterized in
[4]–[9], [28], [41]. The simulated I-V characteristic for each of
these devices can be seen in Figs. 7 through 12 (except for the
HP TiO2 device [41] previously simulated in [13]). For each
device that was modeled, each of the fitting parameters was
adjusted until the change in the I-V characteristic exceeded
10%. The 10% change in each I-V characteristic is measured
using the total average difference between the altered I-V
curve and the initial for each simulated I-V characteristic.
Tables III and IV display the percentages that each pair of
fitting parameters can be increased and decreased, respectively.

The memristor device that stands out as the most sensitive
to parameter variation is the HP Labs titanium oxide device
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TABLE III

Data Collected That Shows How Much Each Parameter in the

Model can be Decreased for Each Device Before a 10% Change

in the Output I-V Characteristic is Observed

xp and xn

αp and Vp and Ap
a1 and a2 b

αn Vn An

Boise 61.54% 14.50% 65.53% 67.00% 90.00% 90.00%
Boise DC 50.45% 0.00% 92.57% 79.44% 90.00% 90.00%
HP TaOx 69.03% 0.00% 85.07% 63.81% 90.00% 90.00%
HP [41] 48.65% 75.55% 98.15% 88.40% 90.00% 96.81%
U of M 62.46% 0.00% 52.50% 79.08% 90.00% 95.15%
Iowa 71.30% 0.00% 91.41% 61.80% 90.00% 90.00%
RRAM 77.40% 0.00% 99.19% 86.35% 90.00% 90.00%

[41]. This device could tolerate the least amount of change
in each of the parameters with the exception of the pair xp

and xn. The RRAM device is least tolerant to change in the
parameters that control the function g(V (t)), but most tolerant
to change in the parameters that control the function f (x(t)).
The parameters in the function f (x(t)) relate to the nonlinear
drift in the state variable. Since the change of state is so large
once the threshold voltage is surpassed, the function f (x(t)) has
much less impact on the I-V characteristic compared to the
other devices. Since the threshold function g(V (t)) is mainly
responsible for the state change, much less variation can be
tolerated in the corresponding fitting parameters.

In nearly all the devices, the parameters that relate to the I-V
equation (a1, a2, and b) had a very linear effect on the output
of the I–V curve. A 10% change in the parameter had exactly
a 10% change in the I–V curve. The exception to this was
when the starting value for b was larger (with a value of 1.5
or 3). A higher b value induces more nonlinearity in the output
of the model, and thus a more nonlinear pattern in the scaling
of b is observed. The parameters a1 and a2 induced a linear
change in all the cases because these are directly multiplied
in the I-V characteristic equation.

The state variable parameters that could tolerate the most
amount of change were the damping parameters (αp and αn).
In many cases, this parameter pair reached zero before a 10%
change could be observed in the I–V characteristic. This is
the reason for the 0.00% values in Table III.

The state variable parameter that was most sensitive to
change was the voltage threshold for state change (Vp and
Vn). For the cases, where the model was set to match the
HP Labs titanium oxide device [41] and the RRAM device
(Fig. 12), the threshold could only be altered by 1–2% before
a 10% change in the I-V characteristic was observed.

The data collected in this study is useful for modeling
realistic physical arrays of memristor devices. The sensitivity
to threshold voltage variation displayed in these results is
important to consider, since threshold has been known to vary
even within the same device over multiple voltage sweeps
[8], [9]. The parameter pair αp and αn is most tolerant
to variability, so memristor arrays may be able to tolerate
more variation in the properties that impact the path of the
state variable motion, such as the electron mobility or the
consistency of the crystallinity of the material.

VI. Variation Tolerance in a Circuit Design

A. Memristor Read/Write Circuit

The circuit in Fig. 20 [30] was simulated to show how
this memristor model is able to function in more complex

TABLE IV

Data Collected That Shows How Much Each Parameter in the

Model can be Increased for Each Device Before a 10% Change

in the Output I-V Characteristic is Observed

xp and xn

αp and Vp and Ap
a1 and a2 b

αn Vn An

Boise 141.21% 211.50% 136.06% 148.10% 110.00% 110.00%
Boise DC 157.90% 278.50% 106.24% 127.50% 110.00% 110.00%
HP TaOx 190.00% 203.90% 110.58% 223.50% 110.00% 110.00%
HP [41] 152.00% 123.40% 101.93% 111.73% 110.00% 102.89%
U of M 133.50% 316.00% 130.75% 122.85% 110.00% 104.40%
Iowa 193.01% 180.50% 107.60% 201.00% 110.00% 110.00%
RRAM 110.85% 661.00% 100.85% 113.65% 110.00% 110.00%

circuits. This circuit is capable of controlling an array of
memristors, where neural spikes are applied to increase or
decrease memristor resistance. The memristors are read by a
quantizing circuit that converts the analog resistance value of a
memristor into one of five discrete states for digital processing.

When the circuit is in the read mode, the voltage across the
activated memristor is divided through a series of constant
resistances in the memristor level detector section of the
circuit. This section of the circuit converts the resistance
of the active memristor to one of the five discrete states
using transistors (Q1-Q4). Each of the MOSFETs in the level
detecting section will turn on when the gate voltage exceeds
the transistor turn on threshold. The circuit is negatively biased
so the voltage at transistors Q1–Q4 can be turned on at the
correct times relative to the varying memristor resistances. The
gate voltage is dependent on the memristor resistance, and the
number of transistors that are turned on corresponds to the
discrete resistance state. Transistors S1 and S2 were used to
isolate the read and write modes.

The simulation results in Fig. 21 are based on the memristor
model matched to the device characterized in [7]. The resistor
values Ra and Rb, and the voltage bias Vb, were set to 9 M�,
34 M�, and -0.65 V, respectively. These parameters were
optimized so that a level of 0 is read when a memristor is at its
maximum resistance, and the maximum level (level 4) is read
when a memristor is at the minimum resistance. Additionally,
the range of resistance values between each state is maximized
to increase the noise margin as much as possible.

A simulation result for the circuit in Fig. 20 can be seen
in Fig. 21. In Fig. 21(a), the first three write pulses were
applied to Vi, and the next two were applied to Vd . Four read
pulses were also applied through the positive input before and
after the values of the memristor had been changed. Fig. 21(b)
shows how the state of each of the memristors changed after
the sequence of spikes was applied. Which memristors were
impacted by the spikes depends on the activation signals in
Fig. 21(c). The state of each memristor only changed if the
corresponding activation transistor was turned on at the time
of an input spike. The next section discusses how the read
and write circuit will function when taking into account the
variation in a memristor array.

B. Variation Tolerance in Read/Write Circuit
Intermediate resistance states in a memristor may be used

to store multiple bits within a single device [4], [7]. In this
type of system, the variation in the memristor array becomes
an important design factor. The resistance of the intermediate
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Fig. 20. Memristor read and write circuit that utilizes the memristive device
model discussed in the previous sections.

Fig. 21. Simulation results for the read and write system based on the
memristor characterization data in [7] displaying (a) the input waveforms,
(b) the change in the state variable for each memristor, and (c) the voltage
input at the gate of each activation transistor (Ra = 9 M�, Rb = 34 M�,
Vb = −0.65 V).

states across memristors in the array must be closely correlated
for a consistent data storage technique. This section discusses
how the proposed model can be used to determine the amount
of tolerable variation in a memristor array for a given mem-
ristor read technique. It is intuitive that a read system with
more discrete states can handle less variation, but the method
described in this section is able to quantify the amount of
variation tolerable. This will be useful in determining how
much variation can be present in a memristor array for a given
number of memory states.

Fig. 22 displays the simulation result of a read operation
after the circuit in Fig. 20 has been successfully optimized for
use with the memristor characterized in [7]. Four read pulses

Fig. 22. Results for the read/write circuit based on the data in [7] displaying
(a) the read pulse input, (b) the activation inputs, (c) the drain voltage of each
quantizing transistor, and (d) the gate voltage of each quantizing transistor.
In this simulation: Vp = 2.1V, Vn = 0.8V, Ap = 0.03, An = 0.08, xp =
0.3, xn = 0.5, αp = 1, αn = 3, a1 = 1.59(10−7), a2 = 2.15(10−7 ), k = 1,
b = 0.7, η = 1, x01 = 0.2, x02 = 0.2, x03 = 0.04, x04 = 0.99, Ra = 9 M�, Rb
= 34 M�, Vb = −0.65V, Vr = 1.5.

were applied to Vi according to the waveform in Fig. 22 (a).
The activation signals at the gate of transistors A1 through A4

in Fig. 22 (b) show that one read pulse was applied to each
memristor. Before the start of the simulation, memristors M1

and M2 were set to the initial device state determined by the I-
V characterization in Fig. 10 (where x(0) = 0.2). Additionally,
M3 and M4 were set close to the maximum (x(0) = 0.99) and
minimum (x(0) = 0.04) device states, respectively.

It can be seen in Fig. 22(c) that none of the transistors
turned on when M3 was read. This correctly shows that M3

was determined to be at level 0. Likewise, all of the transistors
were turned on when M4 was read that corresponds to level 4
after quantization. The number of transistors turned on during
a read is dependent on the gate voltage of each transistor
(Fig. 22(d)). If any transistor Q1 through Q4turns on, the
drain voltage (VD) of that transistor falls due to the reduced
transistor resistance. The number of transistors that turn on
indicates the state of the memristor being read. It shows that
the voltage at the gate of transistors Q1 −Q4 are all below the
transistor turn on threshold when the active memristor is in the
maximum resistance state, and all the transistors are turned on
when the active memristor is in the minimum resistance state.
Fig. 22 also shows a read time of 0.5 s, this was done to
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Fig. 23. Simulation results for the read system when modeling the
memristor in [7] displaying output for the maximum and minimum values
of k. The plots displayed show when (a) k = 0.78 and (b) k = 1.32. In this
simulation: Vp = 2.1V, Vn = 0.8V, Ap = 0.03, An = 0.08, xp = 0.3, xn = 0.5,
αp = 1, αn = 3, a1 = 1.59(10−7), a2 = 2.15(10−7), b = 0.7, η = 1, x01
= 0.2, x02 = 0.2, x03 = 0.04, x04 = 0.99, Ra = 9 M�, Rb = 34 M�,
Vb = −0.65 V, Vr = 1.5.

show even at extremely long read times the data stored in the
devices was not corrupted.

As seen previously, the state variable of both M1 and M2

was set to x(0) = 0.2. Fig. 23 shows the output of transistors Q1

through Q4 for memristors M1 and M2 when the parameter a1

is swept. When reading M1, Fig. 23(a) shows that the drain
voltage of Q2 rises above 2.5 V as the conductivity of the
memristor is lowered by decreasing the value of a1. Even
though both M1 and M2 were initialized with x(0) = 0.2, the
difference in the conductivity parameters causes the two mem-
ristors to have significantly different resistances. As a result,
these memristors were read at two different quantized states.
A similar example is shown in Fig 23(b), where an increase in
conductivity causes a similar error as the drain voltage of Q3

drops below 2.5 V when reading M1. This process signifies a
read error due to variation in the conductivity.

Each of the parameters in the device model was varied until
a read error occurred in a circuit simulation. This was first
completed by reading two memristors that were set to the
same resistance state. If the conductivity between these two
devices differs greatly, then this will lead to a read error. The
parameters in the device model that will affect a read operation
include a1 and b. These parameters directly impact the I-V
characteristic equation, and are most related to variation in
layer thickness across a memristor wafer. The parameter a2

does not affect this operation because that parameter is only
used when the model is under a negative voltage polarity, and
all reads in this case are done with positive pulses. All reads
are also performed below the write threshold, so the remaining
eight parameters will not have an impact on a read operation.

The optimal value for a1 that was used to model the
memristor device in [7] was 3.7(10−7). The tolerable range
was determined by finding the minimum value for a1, where
the drain voltage of Q2 is below 2.5V, and the maximum value
for a1, where the drain voltage of Q3 is above 2.5 V (Fig.
24). The value for a1 can be set anywhere from 2.89(10−7) to
4.92(10−7) before a read error will occur.

Table V shows the maximum and minimum values for a1

and b that do not produce a read error relative to an unaltered
device. In each case, a read error will not occur due to
device variation as long as a1 and b are within about 80%
of the designed value for each of the memristor devices in
a memristor array. Similarly, these parameter values for each

Fig. 24. Simulation results for determining range of the variation parameter
a1 that will not result in a read error for the device characterized in [7].
The memristor parameters were set to: Vp = 1.5 V, Vn = 0.5V, Ap =
0.005, An = 0.08, xp = 0.2, xn = 0.5, αp = 1.2, αn = 3, a1 = 3.7(10−7),
a2 = 4.35(10−7), b = 0.7, x0 = 0.1, η = 1. The circuit parameters were set
to: Ra = 9 M�, Rb = 34 M�, Vb = −0.65 V, Vr = 1.5.

TABLE V

Variation Tolerance During a Read Operation

a1 b
Minimum Value 2.89(10−7) 0.555
Designed Value 3.7(10−7) 0.7
Maximum Value 4.92(10−7) 0.915
Acceptable Parameter Range (�) 2.03(10−7) 0.36
Percent Decrease 78% 79%
Percent Increase 133% 131%

device in the array cannot be greater than about 130% of the
designed value before a read error occurs. This results in a
parameter range, where �1 can be as much as 2.03(10−7) and
�b can be as much as 0.36 across the memristor wafer.

Parameters a1 and b are both in the I-V relationship
equation, where a1 is linearly related to device conductivity
and b is related to the amount of curvature observed in the
hysteresis loops. Variation in a1 would most likely be caused
by a variation in the thickness of the dielectric layer, as thick-
ness in the tunnel barrier is directly related to conductivity.
Additionally, the parameter b would be related to the quality
of the dielectric layer. If more oxygen deficiencies are present
in the initial state, the conduction of the layer may become
more Ohmic and the curvature observed in the I-V curve will
be reduced.

The remaining eight parameters (other than a1, a2, and
b) will only have an impact when the model is in a write
mode since these parameters shape the state variable dynamics.
To determine the tolerance of these parameters, the circuit
in Fig. 20 was used to drive a memristor in an off state
into the intermediate resistance state that corresponded to
resistance level 3. This write process was then compared to
a write when one of the model parameters was increased
or decreased slightly. After enough change in each of the
parameters, the limit in variation was determined that would
result in the detection of an incorrect resistance state when
compared to model with unaltered parameters. This was done
for the parameters a1, b, Ap, Vp, xp, and αp.

To test the rest of the parameters, a device in the lowest
resistance state was written to the intermediate resistance at
level 3. The procedure described above was then completed
to determine the maximum variation for the parameters that
are used when a negative voltage polarity is applied to the
memristor. These parameters include a2, b, An, Vn, xn, and
αn. The parameter b was tested twice because it has an impact
on the memristor model for either voltage polarity.

Table VI shows the data collected for the study, where a
positive bias is used to change the state of the memristor de-
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TABLE VI

Variation Tolerance for Positive Write

a1 Ap Vp xp αp b
Minimum Value 2.8(10−7) 0.0035 NA NA NA 0.53
Designed Value 3.7(10−7) 0.005 1.5 0.2 1.2 0.7
Maximum Value 4.9(10−7) 0.007 2.6 NA NA 0.95
Acceptable Parameter Range(�) 2.1(10−7) 0.0035 NA NA NA 0.42
Percent Decrease 76% 70% NA NA NA 76%
Percent Increase 132% 140% 173% NA NA 136%

TABLE VII

Variation Tolerance for Negative Write

a2 An Vn xn αn b
Minimum Value 2.3(10−7) 0.0545 NA 0.42 2.78 0.655
Designed Value 4.4(10−7) 0.08 0.5 0.5 3 0.7
Maximum Value 2.9(10−7) 0.086 2.35 0.514 4.5 0.93
Acceptable Parameter Range(�) 2.7(10−7) 0.031 NA 0.094 1.72 0.275
Percent Decrease 52% 68% NA 84% 93% 94%
Percent Increase 667% 107% 470% 103% 150% 133%

vice. Likewise, Table VII shows the results for the parameters
that are valid when a negative bias is applied to the memristor.

In some cases, a change in a parameter did not lead to
read error no matter how much the value was increased or
decreased (places where table displays NA). For the voltage
threshold parameters Vp and Vn, there was no low threshold
that dramatically affected the write operation even as the
thresholds were lowered to 0 V. Although lowering the voltage
threshold Vp to zero will cause the read pulses to incorrectly
change the data within the memristors. The other parameters
that could be changed with no significant effect in several cases
were xp, xn, αp, and αn. These parameters determine how state
variable motion proceeds depending on the existing device
state. These parameters have a larger effect on the memristor
boundaries, so these would have a bigger role in a circuit
where the memristor state is pushed to the boundaries.

VII. Conclusion

The SPICE model presented in this paper can be used
to provide accurate circuit simulations for a wide range of
memristor devices and voltage inputs with a low likelihood of
convergence errors. Adjusting the fitting parameters provided
the capability of simulating devices with different physical
structures. A study was completed that determined how much
parameter variation could be tolerated before a significant
change in the I-V characteristic occurred. The SPICE model
was also used to determine how much variation can be present
in a memristor array before read errors occur.

The generalized memristive SPICE model presented in this
paper should be capable of modeling future devices, as it
was already shown to successfully model the large amount
of variety seen in many different existing devices. This model
should alleviate the necessity of developing a specific SPICE
subcircuit for each published memristor characterization.
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